In this article, general canonical forms for the effective thermal conductivities of compact
INTRODUCTION
Modern electronic devices exhibit a clear trend towards miniaturization and process acceleration. These two desirable trends of smaller and more powerful components are constantly producing devices that generate increasingly higher heat dissipation rates per unit area. Since the reliability of electronic components decreases exponentially with operating temperatures, methods for cooling electronic components are constantly resorted to. One such method relies on the use of heat sinks in a natural convection environment. In this context, the implementation of heat sinks has been proven to be an effective tool for reducing the junction-to-air thermal resistance and, thereby, maintaining operationally safe junction temperatures.
The popularity of heat sinks may be attributed to their relative simplicity and effectiveness as vehicles for heat removal in electronic devices. However, the design and optimization of their use is becoming increasingly more complex as electronic devices are requiring denser and more populated chip layouts.
Generally, as conventional simulation methods are applied to small-scale board architectures, adequate thermal modeling results can be expected while using reasonable resolutions in discrete differencing schemes. However, using sufficiently resolved grids in many of today's larger-scale layouts often leads to exceedingly long computation times. This problem can often lead to critical project delays during prototype development. For thermal engineers involved in the product design cycle, the quest for faster simulation capabilities has recently become an important target in its own right.
Naturally, minimizing the thermal simulation complexity of electronic layouts has constituted the principal motivation behind several research investigations. Most approaches towards reducing the complexity of these systems employ discretizations that center around the lumped, coarse, or compact models of heat sinks. The use of these methods often reduces CPU time without significantly reducing the accuracy, a combination that can lead to faster design turnaround time. One such approach is described by Narasimhan and Majdalani [1] who employ a threedimensional lumped thermal resistance concept according to which the actual heat sink is replaced by a 'porous volumetric fluid block.' The thermal conductivity of this fluid block is altered so that it will exhibit the same equivalent thermal resistance as the replaced element. Other strategies have also been proposed and utilized by Bar-Cohen [2] , Bar-Cohen, Elperin and Eliasi [3, 4] , Culham, Yovanovich and Lee [5] , Gauche, Coetzer and Visser [6] , Boyalakuntla and Murthy [7] , Lasance, Vinke and Rosten [8] , and Linton and Agonafer [9] . Some of the stated methods utilize the same basic strategy of replacing the actual heat sink with a simpler model that exhibits similar thermal and flow resistance properties. Due to the replacement of the actual component with a less complex but nearly equivalent representation, the computational complexity and run-time required for thermal characterization are often reduced significantly. For instance, the fluidic block substitution method used by Narasimhan and Majdalani [1] has generated results that differed from detailed simulations by 5% despite being 10 times faster to obtain.
The computational expediency associated with the fluidic block method justifies the practical advantages of using simplified heat sink models in thermal analysis. Although methods such as the fluidic block have proven to be dependable, they are by no means optimal. An inherent problem in these methods is determining the thermal properties of the simplified/compact heat sinks. In the fluidic block method, a remaining obstacle is the determination of the effective thermal conductivity e k that must be assigned to the fluidic block above the base to accurately mimic the enhanced heat transfer coefficient of the original heat sink. This value is typically extracted from the transcendental Nusselt number correlations associated with the heat sink configuration. In the past, this thermal conductivity was found through an iterative process which often required user intervention to obtain convergence. Obviating the need for iteration and user intervention was previously accomplished by Brucker, Ressler and Majdalani [10] . The need for this iteration can be seen by examining the widely used Churchill and Chu correlation for flow over a flat plate:
( ) 
In the past, the presence of the thermal conductivity e k in the Nusselt, Prandtl, and Rayleigh numbers has made an explicit solution unlikely. This is due to these dimensionless numbers being raised to fractional powers, a fact that prevents simple algebraic extraction of the thermal conductivity.
Although direct algebraic manipulation fails at extracting e k , a perturbation method can provide a closed-form solution, albeit approximate [10] . It is the purpose of this article to illustrate the extraction of the thermal conductivity from the corresponding Nusselt number relation not only for rectangular heat sinks, but for other fundamental heat sinks exhibiting diverse geometrical shapes that are often cited in the literature [2] [3] [4] [5] [11] [12] [13] [14] [15] .
GENERAL FREE CONVECTION
Empirical correlations designed to predict buoyancy and diffusive heat transfer from a heated surface to a quiescent fluid are abound in the technical literature. A sample of those can be found in [3] [4] [5] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . The simplest form of the average freeconvection heat transfer coefficient can be represented in the following functional form Nu Ra
(2) A slightly more general form can be functionally represented by [23] 
The latter extends over a wider range of Rayleigh numbers due to the addition of the leading-order constant 0 a . This constant accounts for thermal conduction effects which become dominant in the limit as Ra 0 L → . The exponent m is usually taken to be 1/ 4 or 1/ 3 depending on whether the flow is laminar or turbulent [24] . If the cooling fluid is not air, the simplest correlations are no longer adequate and the functional form of the equation must be modified to include the universal Prandtl number function. This is given by ( )
The form of F for the laminar flow over a flat plate is given by Churchill and Churchill [25] 
Equation (5) is very general as it can be used to simultaneously represent free convection over a vertical plate, a horizontal, vertical or inclined cylinder, a cube in several orientations, a sphere, a bisphere, a prolate spheroid and an oblate spheroid. The constants 0 , a 1 , a 2 , a , m n and p are specific to the geometry and flow regime and are listed in Table 1 .
In addition to Eq. (5) (which is restricted to laminar heat transfer), Churchill and Chu [23] have proposed the following correlation which stretches over the entire range of Rayleigh numbers:
( )
Equation (6) is quite general in nature as it can be used to represent the heat transfer from vertically flat plates, inclined flat plates, vertical or horizontal cylinders, vertical cones, spheres, inclined disks, and spherelike surfaces. Corresponding constants for use with Eq. (6) are compiled in Table 1 as well.
The remainder of the paper will be devoted to determining an explicit solution for e k depending on the equation type. Every attempt is made to present a systematic methodology that could later be used to determine solutions for e k that are not covered in the present paper. The format will be to proceed from simple to complex, in hopes that the simple solutions will provide a solid basis from which one can build upon in determining the more complex solutions. , an exact solution e k can be determined algebraically to be
EXACT
Many examples of such correlations are listed in Table 2 for specific geometries and flow conditions. This type, however, appears to be the last for which a universal algebraic solution can be determined. Even in the slightly more complicated case given by Eq. (3),
, a general solution cannot be determined and a specific solution for a given value of m must be settled for. This specific solution can be obtained by solving for the meaningful root of 1 0
There is only a finite number of cases where the exponent is such that an exact solution can be determined. This becomes apparent when one considers Abel's Impossibility theorem; this theorem affirms that the no polynomial above order four can be solved by a finite number of additions, subtractions, multiplications, divisions and root extractions. Since m is usually taken to be a positive number less than 1. It must be 
For the case of 1 m = we find that the equation is linear and easily solvable. It yields
Most of the equations in the technical literature contain either 1/ 3 m = or 1/ 4 m = corresponding to the laminar and turbulent cases, respectively. The solution to these cases is essential but far more complicated than the cases presented in Eqs. (9)- (10); the latter result in third and fourth order polynomials. For the case of 1/ 3 m = the following third order polynomial must be solved
To solve for the physical root e k we turn to Cardano's method for solving a cubic equation [26] . There are two possibilities that emerge depending on the sign of Cardano's discriminant,
If 0 ∆ < , the trigonometric root is given by ( )
In the case of 0 ∆ ≥ , the ordinary root becomes 
If the characteristic length L is on the order of Gr / L P C U µ or larger, the trigonometric root given by Eq. (13) may be safely used. Equation (14) should be defaulted to under the rare circumstances in which Eq. (13) 
For the case of 2 / 3 m = , a cubic equation is obtained while for 3 / 4 m = , one is left with a quartic equation. These can be solved, but their solutions are omitted because the authors are not aware of any physical correlation where they could be applied. A for optimal performance. However, sphere data should give reasonable estimates especially if shape does not deviate significantly from a sphere.
FOR LAMINAR FREE CONVECTION
Although the exact solutions presented in Sec. 3 are suitable for use in compact models one must take great care in ensuring that the range of applicability is suitable. Often these simple correlations are only applicable over a very limited range. The more widely applicable and accurate correlations are usually those exhibiting more sophistication. Examples include those that exhibit the form given by Eq. (5), namely, The power-law embedment of e k in the universal Prandtl number function given by (4) eliminates the possibility of obtaining an exact expression for e k . In the most favorable scenario for which 1 p = , any known correlation that would result would be order 16. This still could not be solved algebraically. Therefore, an asymptotic approximation of the form 0 1 e k k k ≈ + will be sought instead.
A Taylor series expansion is necessary to first remove the power law nature of the universal Prandtl number function. Knowing that a Taylor series is only convergent over some finite interval of the domain, two solutions must be sought for small and large values of ( ) Consequently, the leading-order term becomes the first nonnegative term resulting from the Taylor expansion of this function. One deduces that
The next step is to add the first-order correction term 1 k , which results in the following:
where the superscript is used to denote a type-I (small) solution.
Using the notion of successive approximations, the firstorder correction 1 k can be found as follows. Equation (24) 
Equation (24) is valid for all L and 0 B as long as
where // k is a cut-off value separating the two solutions. This physical limitation is due to the convergence criteria of the Taylor series used in the expansion of the universal Prandtl number function.
Type-II: Laminar Regime, Large e k
Considering the LHS of Eq. (17), we see that the thermal conductivity of the volumetric fluid block is commensurate with the overall heat transfer coefficient of the actual heat sink. This inter-coupling leads to the conclusion that the series expansion used to obtain Eq. 
After substituting Eq. (27) 
By dismissing negative terms that cannot possibly dominate the solution, three terms are identified in Eq. (28) 
Fortuitously, all cases presented in this paper are characterized by a single exponent, 1 1 /2 np m + − = . This simplifying power leads to a quadratic equation for the leading term. Based on the meaningful quadratic root, one can put ( )
Next we proceed as before and add a first-order correction term 
Equation (32) is valid for all L and 1 B as long as
Again, the range of applicability is limited by the divergence of the Taylor series expansion involved in the solution. 
Cut-off Value
where both approximations are equivalent at the cut-off point.
FOR LAMINAR AND TURBULENT FREE CONVECTION
Given that Eq. (17) is limited to the laminar regime Churchill and Chu [23] have also proposed a broader correlation that is applicable under turbulent conditions. This can be generically written as 
Although the originally introduced correlation is for flow over a flat plate, it has also been adopted in diverse physical settings. Equation (41) 
The universal Prandtl number function must be expanded lest a direct solution is precluded. This is accomplished in the following two sections. 
Type-I: Dual
The leading-order term can be obtained following Brucker, Ressler and Majdalani [10] . The result is 
Using 1/ 3 m = and the specific constants ( , , ) m n p listed in Table 1 , one obtains 
